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1 su BrJ 

~ ............ ~ ~h1a paper II le evaluat~eneral1zet1 one 
of mu t1-d1mena1 ona: 1nte ra a due t o I ngham and Siegel , and 

g1vesf' numbe r r a l1cat1ona of t heeo roeulte~ _) 
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At t he recent Researc h Conferenc e on the Theo ry of Numbers, 

held at Pasadena, California, we had oc casi on to d iscuss s ome 

integrals of Ingham and Siegel concerning matrix functi ono, 

eee [1] . At the conclusion o f t he talk, it was pointe d out 

by A. Selberg that vari ous general izations of Siegel's f ormula 

exis t ed. I n t his paper we s hal l obtain ge ne ralizations of bo t h 

t he Ingham and the Si egel iden tities, f ollowing t he method 

given by Ingham in [5J . 

These f ormulae will then be applied in two directi ons. 

We s holl first obt in a genera liza t i on of the matrix ana l o ue 

of Siege l of the s calar Lipschitz i dentity 

co 
(1) ~ n&-le-nx~(s ) ~ (x+2Yik )-s,Re(s )>l,Re(x )>O. 

n•l k~ 

This f ormula i s equival ent to t he functi ona l equat i on f or t he 

Riemann zeta function. We surmise t ha t a nal o ous f unc ti onal 

equati ons ho l d f or t he enera lized zeta- fun c ti ons we s ha ll 

define be l ow. 

Pollowin t his, we s hall turn t o the pr oblem of e valuat1n 

expreesi na of the f o rm 

K 
d 

a X l l 

(2) 
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where 1x1J I-det (xiJ)' 1, J •l,2, ... ,~R and xiJ-xJi. Expreaalons 

of this type arise in the theory of symmetric functi ons, 1n 

t he theory of matr1c modular functions in the work of H. Maas1 

and in ~he dis cussi on or stochastic determinants, cf [2]. 

2. The Integrals of Ingham and Siegel 

The c lassical integral of Euler reads 

CD 

( l) J .-xyxa-ldx• r (a}y-e, Re(a))O, Re(y})O. 
0 

A generalization of t h1e 1nte ral, due t o Siegel, [ 7 ] , 1a 

n{n-1) 

-tr(XY) I X ~ ·- ¥dv- y 
4 r (a )r(s-l/2) •.. r (a- ¥ ) ( 2 ) J 

x)O 

Here X 1e a eymmetri c matrix X•(xij )and Y ie positive definite. 

The symbo l lXI represents t he determinant t X, dV.Y dxi , and 
i~J 

t he in rati on ie over the region where X ie positive definla. 

The real part of e ie taken t o be ositiv and sufficiently 

la r e . Pro the ri ht-hand aide we see that Re(e)> ~ , where 

n ie the d imensi on of X, ie suffi c ient. 

An eval uAti on of related c .aeeee of integrals il given 

by Ba c ner , ( Anal ogues of t he Beta integral also exilt, 

c r. Siegel , [1~, p . 42. These integrals arlee tn connect! n 

with Siegel's theo ry of matri c modular functi ons. 

Independent y, 1n conne ct i on with eome problema in multi

va riate analyeie of Wis hart and Bartlett, Ingham dellonetrated 



the equality 

jc lk•l/2p-l/2 
-----~p~c~-t~,~~----------------

(2 w) ~ r (k) r (k-l/2 ) ... r (k-l/2p+l/2) 

ia poa1tive def1n1te 

s 0 otherwiae. 

Th1a 1a an extena1on or the familiar f ormula 

a+i 
( ) l ei' m a-i <X> r ck> 

, c > 0 

• 0 , o t herwise, 

where a)O, k)l. 
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, if c 

I (' ) t he integrati on wit respe c t t o sk, is a l ong t e 

line ak,+-1 t kJ where --<S>( tkj < co and A•( kj) is t aken t o be 

poa1t1ve definite. The parameter k is t aken initially t o be 

auffi c1entl y large s o that t he integral converges abso lutely. 

It ie euff1 c ient t o e•tabl1eh one or t he o t her of theee 

inte rale, since an appl1cat1cn of t he Laplace inversion for-

•ula der1vee either from t he ot t er. We ehall restrict ouraelvea, 
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therefore, to der1v1ng a generalization of Ingham's for.ula. 

§,. The Generalized Ingham Formula 

Let S be a symmetri c matrix of order p, and ~r1te 

We s ha l l use the notation ISk l t o den te the c!.etena1nant of 

Sk. The result we wish t o establish 1e 

::iili:--_!1 p (p+l} 

2 (1) l: k- 2 (2 ) -k ( } -k i•l 1 1
· · · I c P I p-

1 - (2 .Ji} j C I I C 

p {R+lJ 
r (k }r(k +k 1-l/ 2} .. ·r<E ki- 2 ) p p p-

1•1 

1f C ia poe1 t ive definite, 

• 0 , otherwise. 

Here the integ r a ti on 1e t aken over the same type of regi on 

a e be f ure. The parameters ka,k 2 , • . • ,kp-l are t o be choeen 
p 

eo tha t a ll t he exprees1 one k ,k +k 1-1/2, .. . , l: k1- ~ +· 1/2 are 
p p p- 1•1 

positive . Fur t his 1t 1e s ffic1ent tnat kp be suff1c1entlJ 

la r ge, 1f t 1e k1 are a rbitrary. 



(k) 
The matrices C , K•l,2, ••• p are aet1ne4 aa tollowa 

( ) (k) ( ) ' c - c i J , i , J •k , • . . , p . 

§4. Proof 
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The method we employ ia precisely that used by Ingham 

[5] , in the case where ka•···•kp-1-o, and depends upon 

an induction over p , starting with the kncwn case p•l. 

vp-l and u respectively and t he parameters c1P,c2P, ..• ,cp-l,p' 

cpp by ca,ca, •.. ,cp-l' f respectively , 

• aay write 

-

8 l,p-1 

8p-l, p-1 V p-1 

0 

where s~l(v,v ) 18 t e q adrati c f orm o btained U8ing the 

adJoint aatr1x t o S~1 . Th18 y1eld8 

(2) 
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wr.ere S  , (v,v) le the quadratic form obtalntd using th« 

Inverse matrix to S •, . 

Tht Integrant In (3.2) may be written 

(3;      etr (CVi) e2'-1 ^e^ lu-3^ (v.v)^ 

q   "(W^ ,   -kn-2    q -kl 
iSp-l' lSp_2l      •••|S1I 

We may Integrate with respect to u-a  , keeping the other 

varlablea fixed.  Let u-S"*, (v, v )-w.  Tr.en, with P > 0, 

(H)
      TFT t/    •*? Lf-^fS '1 (v,v)j w n dw 

f -la 

- "P JS^^v.vjj ^  y 
^ -Itr 

e w   dw 

Since  f>0, (since  f-j     Jtnls  ylelde  aa   the remaining  Integrand 

A     ,   tr(CS     , j , p-1 
(^) 1   ^     e V-1    ex^fS71

i(vfv)^2 I      c.v    ] 

v  p    p-i' c p-? „_       1 
3l , 
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-1 
Since  f  > C and  S     i   (v,v)   le positiv«  dtflnltt  for 

real   v   ,   we may  Integrate  with  respect   to   the   variable»  V|, 

vt,...,v     ,.     Applying  the  well-kncwn   result 

üD •      -(u.Bu)^  2  1       c.    u. 
(6) ,/        ...   ,/       e k-1     ^     K  » duj 

-OD —CC- 1 

p/2 -1/2       (c.Bc), 
» IBI e 

l'wr B positive definite, we obtain as a result of Integrating 

with respect to the p-1 variables s . k-1,2,...,p-l, the new 

Integrand 

k -1/2^-1/2      p-1 
(7)      f n        exp (  I   b . s  ) 

k,i-l K* KI 

-(k ♦k  , M/2      -k -k 
S_ , , i^, o i        ...10,1 
'p-l' '"P"? 

wnere 
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(ö) 
pp 

k,^"l,2#...,p-l 

Tn«  rtmalndtr   of  tn« proof  Is   Inductlvt,   with  th« last 
tu) 

step Dtlrv  tn«  «vaiuatlon of th«  dttsrmlnanti   |B%     4  formtd 

fro« B*(bki).  In fm» of tht Cat«mit*iitt   |C*k^ | at äf\m6 In (3*3) 

6jt«     Some Dstermlnanla 

In order  tc  a«« hoM  to obtain  tht gentrai  result,   consldsr 

tnt 3x) dtttrmlnant 

(1) 
C| 1 

csi 

eta 

ess 

cat 

CIS 

ess 

ess 

-It.',   c^   -   c^. 

Multiply  tnt  3rd row  by ci%/c%9 and subtract Ore« ths first 

row;   multiply   the  3rd  ro«  by  Cn/c^j and  aubtract   fro« tht 

etc  nd  rvw.     The  reault   la 

(?) 

cit^ta 
c 1 1-  

caa 

cai  - 

Ctl 

^•» " ta 

»» 

cit - 

^-at - 

aa 

c la^aa 

ess 

ctaCss 

caa 
0 

ess 

- cas 

bi 1    b ts 

bsi    b«« 

aa h (1) 
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Proce«dlng in tne eaae way In tn« general case we see that 

(3)      IBW, - .C(k),/cpp 

With tnls result eatabllahed, tne Inductive prccf of the 

fcrmuid In (3-2) proceedo easily, starting with the case p—l. 

^6.  An Extensiun cf the Llpschltz-Slegel Identity 

Combining tne evaluation of tne Integral In (2.2) with tne 

Polsson summatl. n fcrmula, Siegel established the following 

Identity 

y    p     -tr(XY) 
(1)      i.  iXi       e      = ^ L  |Y*2¥lK 

x>0 K 

for tne real part of Y positive definite.  Here X Is an nxn 

positive definite matrix, |Xi Is the determinant of X, and tne 

suounatl^n en the left Is over all positive definite Integer 

matrices.  On tne left tne summatl n Is :ver all symmetric 

seml-lntegers, triat is matrices *h se main diagonals are 

Integral and «hose elements -fl tne main diagonal are naives 

of Integers.  Tne constant v Is given by 

(2) ^ - T r(p) r(c -i/?)... r({- ^^ 



The parameter~ is taken t o be sufficiently large. 

The generalization of Siegel's integral obtained froa 

(3.2) ts 

(3) v 
x)O 

p 
l: 

IX I i•l 

k - (p+l) 
i 2 -tr(XY) 

e 

lx(2) lkljx<'> lk2 ... lx(p) lkp-1 

dJtiJ 
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( .JW ) 

p(p-1) 

2 
p 

rck > r(k +k 1-112> .. rc~ k1- *. 112> 
p p p- i•l - k k p-1 k 

y p 
yp-1 IYl l 1 

p 

where 

( ) IX (k ) - lx1J , i,J•k, .•. ,p, 

yk I - IY1J ' 1 'J•l, .•• ,k. 

The reatr1cti on 1n t e ki is that each of the expreaa1ona 

Applying t he Poisson summation foraula we obtain the 

foll owing generalization or (l). 



(5) 

-tr(IY) 
e 

(Y+2rtK(p-l) 
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where the aua il over all a,..etr1c half-1nteaere , and @ 1e 

the conatant occurrtna 1n (,). The eer1ea will converge tor kp 

auttictentlJ lar&e co•pared to the other k1 . 

§7. Generalized Zeta-Punct1one 
~~~~~ ---- ~~~~ 
The zeta-tunction 

(l) 

where the eu.aation 1a over a reduced eet of poe1t1ve detinite 

1nteser .. trices has been considered by Maaea, [ 6] , and a 

tunctional equation derived t or the caae of (2x2)-m3trtcea, 

ct alao, [ 3]. 

Since the exiatence of a L1pach1tz identity ia equivalent 

to a tuncti onal eqJation t or the zeta-function, we aur.1ae 

• I 

that a correaponding tunctional equation holda tor the generalized 
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zeta-function 

(2) 

Th18 we ehall di8CU88 1n a aubaequent paper. 

§ . Gener~lized Ei8enatein Ser1ea 

Juat aa matric modular tunet1one are ueuallJ for.ed bJ 

mear.a of Ei8en8te1n eer1ee of the fora 

(1) 

where the eummation i8 over a eu1tablJ reduced aet or K and L, 

80 we can fo rm general1zation8 or theee eeriee having the form 

(2 ) 

We eha l discu8s theee series 1n more detail eubeequentlJ. 

§9 . Der1vat1vee of Determinants 

Let ue now consider t he probl em of determining the reeult 

of applying the operator 

_L _l_ .) 

(l) 
c • • ~caa c)clK 

OK • . 
-A- --L- -L 
c)cKl dCK2 ~u 

(U+L)l rn 
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to a power product of the form 
(l) a (2) aa (p) a 

c ' IC 1 ••• j c j P. 

The key t o the res ults we shall obtain is the observation 

that 

(2) 
tr(CS) - tr(CS) 

e 

Consequently, applying o1 t o both sides of (3.2), we obtain 

a.n t ... diate evaluat1 n ot o1 applied t o a product of the term 

Since 

ka,ka, •.. ,kp-l may be arbitrary, poe1tive or negative, provided 

that kp ie large enough , we obta1.n the result f or arbitrary 

., a 8 , ••• ,ak above, provided t hat a, is larg~ enough. The 

reeult obtained in t hte case extends by analytic continuation 

t all ot her values. 

In particular, we note that 

(3) 0 
I 

R (1) N 
c I 

( 1 ) N-R (1+1) R 
-aR,N 1c 1c 1 

where~R,N may be determined explicitly ae a quotient 

of g~a f uncti ons. 
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